Let T : X\ -• X 2 be a strongly equivariant holomorphic embedding of one bounded symmetric domain into another. We show that if σ is an automorphism of C, then τ σ : X° -» X% is also strongly equivariant.
Introduction.
A semisimple algebraic group, G, over Q, is said to be of hermitian type if G(R)°/K is a bounded symmetric domain for a maximal compact subgroup K of G(R)°. Let X\ and X 2 be bounded symmetric domains associated with algebraic groups G\ and G 2 respectively. A holomorphic embedding r: Xι -> X2 is called weakly equivariant if there exists a homomorphism of algebraic groups p: G\ -> G 2 defined over Q, such that ( 
1.1) p(g) τ(x) = τ(g -x) for all g G ^(R)
0 and all x G Xι .
r is called strongly equivariant if, in addition, the image of X\ is totally geodesic in X 2 . It is not known, at least to me, whether every weakly equivariant holomorphic map of bounded symmetric domains is strongly equivariant. Strongly equivariant maps form the central theme of Satake's book [21] . They have (at least) two important applications to number theory. If G 2 is a symplectic group, then X 2 parametrizes a universal family of abelian varieties. Pulling back the universal family to Xi, and taking the quotient by an arithmetic group, gives a family of abelian varieties called a Kuga fiber variety. These are defined in [10] , where Kuga calls r a (generalized) Eichler map. For the second application, to compactification of arithmetic varieties, see [20] and also [4] , where strongly equivariant maps are called symmetric maps.
Since the quotient of a symmetric domain by an arithmetic group is an algebraic variety, it is possible to define the conjugate τ σ : X° -• X% for an automorphism σ of C. Conjugates of equi variant maps of symmetric domains were studied by Min Ho Lee in his thesis [13] which has been published in a series of papers [14, 15, 16] . He proved that any conjugate of a weakly equi variant map is weakly equivariant [13, 14] . He also proved that any conjugate of an H 2 -equivariant map (i.e., a strongly equivariant map such that p takes any symmetry of X\ to a symmetry of X 2 ) is again H 2 -eqnivariant, assuming certain additional hypotheses [13, 16] . This led him to conjecture [13, p. 26] that conjugates of strongly equivariant maps are strongly equivariant. We prove this conjecture in this paper.
We shall now describe the ideas involved in the proof. A pair (G,X) as above defines a connected Shimura variety. The proof of Langlands' conjectures on conjugation of Shimura varieties by Borovoi [7] and Milne [17] shows how an automorphism of C acts on the special points of X (see 3.2 for the definition of a special point). This implies our theorem for a strongly equivariant map which takes special points to special points. Now, as Kuga observed [11, 12], Satake's classification of strongly equivariant maps shows that the set of all holomorphic embeddings r: X\ -> X 2 which are strongly equivariant with a given homomorphism p: G\ -> G 2 is itself a bounded symmetric domain, which we call X p . We construct a map X\ x X p -•» X 2 which preserves special points, and use it to show that τ σ is strongly equivariant. I would like to thank the University of Toronto and Kumar Murty for their generous support during the period when this paper was written.
Equivariant maps.

Symmetric domains.
By a hermitian pair, we shall mean a pair (G, X), where G is a semisimple algebraic group over Q of hermitian type such that G(R) has no compact factors defined over Q, and X is the symmetric domain associated to G. Borovoi 54], It will also be convenient to say that a reductive group G is of hermitian type if the center of G(R) is compact and the derived group, G rfer , is of hermitian type. We still have a Cartan decomposition (2.1.1); however the /^-element is only determined modulo the center of g.
Strongly equiυariant maps. Let (G\,Xχ
) and (G^,^) be hermitian pairs. A weakly equiυariant map from (Gι,Xι) to (G2,X2) consists of a pair (/?, r), where p: G\ -* G2 is a homomorphism of algebraic groups defined over Q, and r: X\ -> X 2 is a holomorphic embedding satisfying (1.1). (p, T) is called strongly equiυariant if it satisfies the additional condition (Hj) [tf τ(x) ~ dp(^), dp(fif)] = 0 for all <? G fll , where i/^ and H r ( x ) are the iί-elements at x G Xi and r(x) G X2, respectively. This condition is independent of the choice of the point ,X p ) is a hermitian pair. It defines a connected Shimura variety which parametrizes strongly equivariant maps from (Gi,Xi) to (G 2 ,.X 2 ). P is called rigid if there is a unique r such that (/>, r) is strongly equivariant, i.e., if X p reduces to a point, or, if G P (R) is compact.
Since ρ{G\) is semisimple and G p centralizes ρ{Gχ), the product G : = p{G\) G p is an almost direct product. G is a reductive group of hermitian type. Its symmetric domain is X o : = X\ x X p . The iί-element at the point (x,τ(x)) is H τ ( x ). We have a strongly equivariant pair
where G o := p{G\) Gj, p 1 is the inclusion, and τ'{x,y) = r y (x).
Proof. The connected component of the centralizer of ρ'(G 0 ) in G 2 is contained in G p , and centralizes Gj; therefore it is compact over R. Proof. Let the notation be as in Proposition 2.3.2. Let M be the smallest Q-subgroup of G p which contains exp(£ H p ) for all t £ R. Since exp(ί dp (H x 
Morphisms of Hodge type.
we have p(Hg(x)) contained in Hg(τ(;r))M. Similarly, M is contained in Hg(#)Hg(τ(:r)). Let K be the maximal compact subgroup of G 2 {R) at τ(x). Then Hg(τ(x)) C K. Since M centralizes Hg(x), it follows that Hg(x) C K. Therefore Hg(x)(R) is compact. Since Hg(a;) £ier (R) has no compact factors defined over Q [7, Remark 1.14, p. 12], this implies that Hg(#) is abelian, i.e., :r is a CM-point. Since r takes the CMpoint x to a CM-point, r takes every CM-point to a CM-point [7, 1.11, p. 11] . Therefore (/>, r) is of Hodge type. D
The proof of the following theorem is inspired by the proof of Mumford's theorem that any Hodge family contains a fiber of CMtype [19, p. 348] . In the abelian case (i.e., when G 2 is a symplectic group), a sketch of the proof was given in [2, Proposition 1.5.1, p. 228]. shows that (/>, r) is rigid. Theorem 3.4 then implies that (/?, r) is of Hodge type. This is Proposition 3 of [18] .
Suppose (p, T) is not rigid. Then the set of strongly p-equivariant maps is parametrized by the bounded symmetric domain X p . Lemma 2.3.5 shows that there exists z E X p such that (p,τ z ) is of Hodge type. However, since there are only countably many special points, (ρ,τ z ) is not of Hodge type for a "general" z 6 X p .
4.
Conjugates of strongly equivariant maps. Let (G,X) be a hermitian pair, and Γ an arithmetic subgroup of G. The locally symmetric space V : = T\X is a quasiprojective variety [5] , called an arithmetic variety. Let σ be an automorphism of C. Kazhdan [8, 9] proved that any conjugate of an arithmetic variety is again an arithmetic variety. Therefore, there exists a hermitian pair (G σ is given by g \-> p(g) and z \-> (^,r(x)), where x is our fixed base point in Xχ m (p', T 1 ) is rigid (Lemma 2.3.5), and therefore of Hodge type (Theorem 3.4). Langlands' conjectures on conjugation of Shimura varieties, which are proved in [7] and [17] , show that any automorphism of C takes a CM-point to a CM-point. Hence (// σ ,τ' σ ) is also of Hodge type; in particular, it is strongly equivariant (see [7] , l.ll(iii), p. 11]). We have Xζ = X{ x X* and hence Gg = G\ x G σ p . Since the projection of τ 0 to the second factor is the constant r(x), there exists r(x) σ G Xp such that the projection of τζ to the second factor is the constant r(x) σ . We then have a strongly equivariant pair
given by ^r i -> (</, 1) and z »-> (2, τ(x) σ ). 
